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Abstract: We present a calculation of the weak mixing angle in the MS renormalization
scheme which is relevant for experiments performed at very low energies or momentum
transfers. We include higher orders in the perturbative QCD expansion, as well as updated
phenomenological and theoretical input, and obtain the result sin2 θˆW (0) = 0.23868(5)(2)
for the reference values αˆs(MZ) = 0.1182 and mˆc(mˆc) = 1.272 GeV. The first quoted error
is from the current Standard Model evaluation of the mixing angle at the Z boson mass
scale. The second error represents the theoretical and parametric uncertainties induced by
the evolution to the Thomson limit and is discussed in detail.
ar
X
iv
:1
71
2.
09
14
6v
2 
 [h
ep
-p
h]
  1
5 M
ar 
20
18
Contents
1 Introduction 1
2 Renormalization group evolution 3
2.1 Matching conditions 5
3 Implementation of experimental input 6
4 Singlet contribution 8
5 Flavor separation 10
5.1 Experimental data 11
5.2 Lattice data 12
5.3 Threshold masses 13
5.3.1 Heavy quarks 13
5.3.2 Light quarks 14
6 Theoretical uncertainties 15
7 Results and conclusions 16
A Calculations of α(M2Z) 18
B Calculation of ∆discαˆ 19
1 Introduction
The electroweak sector of the Standard Model is based on the gauge symmetry group
SU (2)L×U (1)Y . The weak mixing angle, θW , is a parameter that describes the mixing of
the gauge bosons related to the U (1)Y and the third component of SU (2)L to give rise to
the mass eigenstates of the photon and the Z boson. In terms of the couplings g of SU (2)L
and g′ of U(1)Y one has
sˆ2 ≡ sin2 θˆW = g
′2
g2 + g′2
. (1.1)
Since it is given explicitly by gauge couplings, sin2 θˆW depends on the energy scale and is
governed by a renormalization group equation (RGE) [1, 2].
One of the tests of the Standard Model is to evolve the weak mixing angle from high
to low energies and compare it with experimental extractions at lower squared momentum
transfers, Q2. For example, the Qweak experiment [3] at Jefferson Laboratory (JLab) has
measured the weak charge of the proton, QW (p) ∼ 1 − 4 sin2 θW , in polarized electron
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scattering from a fixed liquid hydrogen target at Q2 ≈ 0.026 GeV2. The same observable,
but at an even lower Q2 ≈ 0.0045 GeV2, will also be targeted by the P2 experiment [4]
at the MESA facility which is currently under construction at the University of Mainz in
Germany. In a very similar setup, the MOLLER Collaboration [5] at JLab will build and
improve on the completed E158 experiment [6] at SLAC (that occurred at almost the same
Q2 as Qweak) and measure the analogous weak charge of the electron, QW (e), in polarized
Møller scattering at Q2 ≈ 0.0056 GeV2. The PVDIS Collaboration [7] at the 6 GeV CEBAF
complex at JLab scattered polarized electrons deep-inelastically from deuterium, and the
SoLID Collaboration [8] will increase the PVDIS precision in the future by benefiting from
the energy upgraded CEBAF and a correspondingly higher and broader Q2 range. Other
approaches include neutrino and anti-neutrino deep inelastic scattering [9], ν¯-e scattering
near nuclear reactors [10], and parity violation in atoms [11] and ions [12]. For more details,
see the recent reviews on low energy measurements of the weak mixing angle [13], on the
weak neutral current [14], and on weak polarized electron scattering [15].
Since QCD at low energies does not allow for reliable perturbative calculations, the
theoretical uncertainty of the RGE running from the Z-pole to low energies arises domi-
nantly from the hadronic region. A phenomenological approach to address this region was
developed in Ref. [2]. Working in the MS scheme1, the main idea was to relate the case of
the weak mixing angle to that of the electromagnetic coupling, αˆ, as far as possible, and
then to consider both maximal and minimal SU(3) flavor symmetry breaking to constrain
the flavor separation of the three light quarks (u, d, s). In the present work, we extend the
analysis to the next order in the strong coupling constant, αˆs, and introduce a number of
new elements. We employ the most recent values and uncertainties of the input parameters,
such as αˆs and the heavy quark masses. The hadronic vacuum polarization contribution
to the RGE running of αˆ is obtained dispersively from e+e− annihilation data for hadronic
final states, which are supplemented by isospin rotated τ decay spectral functions corrected
for isospin breaking effects [16, 17]. We tie experimental data [16] and lattice gauge theory
calculations [18, 19] together to obtain the individual contributions of strange and first
generation quarks. This flavor separation at the quark level to high accuracy is consistent
with and almost an order of magnitude more precise than previous calculations [1, 2]. It is
also necessary to constrain OZI-rule [20–22] violating effects, for which we utilize the recent
lattice gauge theory calculation of disconnected contributions to the anomalous magnetic
moment of the muon [23]. These refinements allow for significant reduction of the theoreti-
cal uncertainty of the RGE evolution. As a by-product, our method sheds light on the dual
description of quarks and hadrons in the non-perturbative regime and may open new ways
to extract the strange quark mass from the electro-production of hadrons.
The paper is organized as follows: Section 2 presents the RGE of the weak mixing
angle up to five loop accuracy, and the matching conditions for αˆ and sin2 θW . In Section 3
we perform the conversion of the hadronic vacuum polarization contribution to the running
of αˆ from the on-shell scheme, where it is most directly obtained, to the MS scheme (Ap-
pendix A contains a brief discussion of various calculations of α(MZ)). Section 4 describes
1Quantities defined in the MS scheme will be denoted by a caret.
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boson γi fermion γi
real scalar 1 chiral fermion 4
complex scalar 2 Majorana fermion 4
massless gauge boson −22 Dirac fermion 8
Table 1. RGE contributions of different particle types, where the minus sign is indicative for the
asymptotic freedom in non-Abelian gauge theories.
the calculation of the singlet contribution to the weak mixing angle, with some details given
in Appendix B. In Section 5 the flavor separation (contributions of light and strange quarks)
is addressed and threshold masses are calculated. In Section 6 theoretical uncertainties are
discussed in detail, and Section 7 offers our final results and conclusions.
2 Renormalization group evolution
In an approximation in which all fermions are either massless and active or infinitely heavy
and decoupled, the RGE for the electromagnetic coupling in the MS scheme [24], αˆ, can be
written in the form [2],
µ2
dαˆ
dµ2
=
αˆ2
pi
 1
24
∑
i
KiγiQ
2
i + σ
(∑
q
Qq
)2 , (2.1)
where the sum is over all active particles in the relevant energy range. TheQi are the electric
charges, while the γi are constants depending on the field type and shown in Table 1. The
Ki and σ contain higher-order corrections and are given by [25],
Ki = N
c
i
{
1 +
3
4
Q2i
αˆ
pi
+
αˆs
pi
+
αˆ2s
pi2
[
125
48
− 11
72
nq
]
+
αˆ3s
pi3
[
10487
1728
+
55
18
ζ3 − nq
(
707
864
+
55
54
ζ3
)
− 77
3888
n2q
]
+
αˆ4s
4pi4
[
2665349
41472
+
182335
864
ζ3 − 605
16
ζ4 − 31375
288
ζ5
− nq
(
11785
648
+
58625
864
ζ3 − 715
48
ζ4 − 13325
432
ζ5
)
− n2q
(
4729
31104
− 3163
1296
ζ3 +
55
72
ζ4
)
+ n3q
(
107
15552
+
1
108
ζ3
)]}
, (2.2)
and,
σ =
αˆ3s
pi3
[
55
216
− 5
9
ζ3
]
+
αˆ4s
pi4
[
11065
3456
− 34775
3456
ζ3 +
55
32
ζ4 +
3875
864
ζ5
− nq
(
275
1728
− 205
576
ζ3 +
5
48
ζ4 +
25
144
ζ5
)]
, (2.3)
– 3 –
Energy range λ1 λ2 λ3 λ4
m¯t ≤ µ 920 28980 1455 920
MW ≤ µ < m¯t 2144 625176 611 322
m¯b ≤ µ < MW 2144 1522 51440 322
mτ ≤ µ < m¯b 920 35 219 15
m¯c ≤ µ < mτ 920 25 780 15
m¯s ≤ µ < m¯c 12 12 536 0
m¯d ≤ µ < m¯s 920 25 13110 120
m¯u ≤ µ < m¯d 38 14 340 0
mµ ≤ µ < m¯u 14 0 0 0
me ≤ µ < mµ 14 0 0 0
Table 2. Coefficients entering the higher order RGE for the weak mixing angle.
with nq the number of active quarks and N ci = 3 the color factor for quarks. For leptons
one substitutes N ci = 1 and αˆs = 0, while Ki = 1 for bosons.
We can relate the RGE of αˆ to that of sin2 θˆW since both, the γZ mixing tensor
ΠˆγZ and the photon vacuum polarization function Πˆγγ are pure vector-current correlators.
Including higher order corrections, the RGE for the Z boson vector coupling to fermion f ,
vˆf = Tf − 2Qf sin2 θˆW , where Tf is the third component of weak isospin of fermion f , is
then
µ2
dvˆf
dµ2
=
αˆQf
24pi
[∑
i
KiγivˆiQi + 12σ
(∑
q
Qq
)(∑
q
vˆq
)]
. (2.4)
Eqs. (2.1) and (2.4) can be used [2] to obtain
sˆ2(µ) = sˆ2(µ0)
αˆ(µ)
αˆ(µ0)
+ λ1
[
1− αˆ(µ)
αˆ(µ0)
]
+
αˆ(µ)
pi
[
λ2
3
ln
µ2
µ20
+
3λ3
4
ln
αˆ(µ)
αˆ(µ0)
+ σ˜(µ0)− σ˜(µ)
]
, (2.5)
where the λi are known [2] constants given in Table 2 and the explicit Ki dependence has
disappeared. The σ˜ terms,
σ˜(µ) =
λ4
33− 2nq
5
36
[
(11− 24ζ3) αˆ
2
s(µ)
pi2
+ b
αˆ3s(µ)
pi3
]
, (2.6)
with,
b ≡ 2213
24
− 6955
24
ζ3 +
99
2
ζ4 +
775
6
ζ5 − nq
(
55
12
− 41
4
ζ3 + 3ζ4 + 5ζ5
)
− (153− 19nq)(11− 24ζ3)
99− 6nq , (2.7)
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represent the singlet contributions to the RGE evolution of the weak mixing angle at four
and five loop order. These terms arise from quark-antiquark annihilation (disconnected)
diagrams (see Figure 1) and are suppressed in perturbative QCD (PQCD). In the non-
perturbative domain these give rise to so-called OZI-rule [20–22] violations.
Eq. (2.5) together with the solution of the four-loop QCD β-function [26, 27] represents
a complete solution, as long as all matching scales µ at which an active particle decouples
are known, because there the λi change their values. The matching scales of all bosons [28],
charged leptons, and heavy (t, b, and c) quarks [29–31] can be calculated as what we
call threshold masses m¯q, where the QCD corrections to the matching relations vanish by
definition.
2.1 Matching conditions
At each particle threshold the RGE coefficients need to be modified to reflect the particle
content of the associated effective field theory (EFT), and in the MS scheme it is also
convenient to change the definitions of αˆ and sˆ to correspond to this same EFT. This is
analogous to the usual treatment of αˆs and leads to very small matching discontinuities in
the RGE running of the couplings.
Denoting the electromagnetic coupling with and without the fermion near the threshold
by αˆ(mf )+ and αˆ(mf )−, respectively2, the matching condition for αˆ reads [29–31],
pi
αˆ(mf )+
=
pi
αˆ(mf )−
− 15
16
N cf
αˆ(mf )
pi
Q4f
− N
c
f − 1
2
[
13
12
αˆ+s
pi
+
(
655
144
ζ3 − 3847
864
+
361
1296
nq
)
αˆ+2s
pi2
+
(−0.55739− 0.92807nq + 0.01928n2q) αˆ+3spi3
]
Q2f
− N
c
f − 1
2
[
295
1296
αˆ+2s
pi2
+ (K1 +K2nq)
αˆ+3s
pi3
]∑
`
Q2` . (2.8)
The first three lines derive from heavy quark vector-current correlators. The last line
involves a sum over all quarks ` with m`  mq, and arises from the decoupling of the
heavy quark q propagating in inner loops of multi-bubble type diagrams in which the outer
loop (the one coupled to the currents) is occupied by a light quark `. The corresponding
contribution at order αˆ3s is parametrized by the coefficients Ki and is unknown at present.
The known αˆ2s term for the charm and bottom quarks, and the αˆ3s terms from the charm
and bottom quark vector-current correlators amount to about 9 × 10−6 and −9 × 10−6,
respectively. Taking these as conservative bounds on the unknown higher-order terms and
combining them in quadrature results in an estimated truncation error of ±1.3×10−5 in αˆ.
2We assume mf is an MS mass with respect to QCD, but a pole mass for both leptons and quarks with
respect to QED.
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Figure 1. Examples of a connected (top) and a disconnected (bottom) Feynman diagram.
The matching conditions of sˆ2 and αˆ can also be related [2],
sin2 θˆW (mˆf )
− =
αˆ(mˆf )
−
αˆ(mˆf )+
sin2 θˆW (mˆf )
+ +
QiTi
2Q2i
[
1− αˆ(mˆf )
−
αˆ(mˆf )+
]
. (2.9)
Applying the numerical analysis of the previous paragraph to Eq. (2.9), we find 2.4× 10−6
and −1.4× 10−6, respectively, and we estimate a truncation error related to the matching
of about ±3× 10−6 in sˆ2.
For completeness we recall that integrating out the W± bosons induces the one-loop
matching condition [2, 28],
1
αˆ+
=
1
αˆ−
+
1
6pi
. (2.10)
For sˆ2 this implies
sin2 θˆW (MW )
+ = 1− αˆ(MW )
+
αˆ(MW )−
cos2 θˆW (MW )
−. (2.11)
3 Implementation of experimental input
The perturbative treatment of the previous section cannot be applied at hadronic energy
scales and experimental input is required. This is usually taken from R(s), i.e., the cross
section σ(e+e− → hadrons) normalized to σ(e+e− → µ+µ−). Additional information on
R(s) is encoded in hadronic τ decay spectral functions [32]. The traditional method to
implement the R(s) measurements is through a subtracted dispersion integral,
∆α
(5)
had(M
2
Z) =
α
3pi
∫ ∞
4m2pi
ds
R(s)M2Z
s(M2Z − s)− i
, (3.1)
which gives the hadronic contribution (with the top quark removed) to the Z scale value of
the electromagnetic coupling in the on-shell scheme. One supplements the input data with
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the theoretical (perturbative) prediction for R(s) at s ≥ s0, with s0 large enough to be
able to trust QCD perturbation theory. A variant [33] of this approach evaluates Eq. (3.1)
in the space-like region, ∆α(5)had.(−M2Z), and obtains ∆α(5)had.(M2Z) in a second step. More
details about how different groups get the running of alpha are given in Appendix A.
In the MS scheme it is more natural to use an unsubstracted dispersion relation [24],
∆αˆ(3)(µ0) =
α
3pi
∫ µ20
4m2pi
ds
R(s)
s− i + 4piI
(3), (3.2)
where the superscript indicates that we focus here on the currents produced by the three
light quarks (bosons, leptons, charm and bottom quarks are included following Sec. 2). The
upper integration limit can in principle be chosen as an arbitrary perturbative scale µ0, but
in practice we take µ20 to coincide with the cut-off value s0 used in the traditional method,
since this allows us to recycle results obtained there. Indeed [24],
α
3pi
µ20∫
4m2pi
ds
[
R(s)
s− i −
R(s)M2Z
s(M2Z − s)− i
]
< 10−6, (3.3)
for µ0 . 2 GeV. Using the results of Ref. [16] including inputs from τ decays which we
correct for γ-ρ mixing [17], we obtain,
α
3pi
4 GeV2∫
4m2pi
ds
R(s)M2Z
s(M2Z − s)
= (58.71± 0.45)× 10−4 . (3.4)
We compute the second term in Eq. (3.2) at the scale µ = 2 GeV perturbatively [34],
extending the O(αˆ2s) result of Ref. [24] to O(αˆ3s),
4piI(3) = 2α
∫ 2pi
0
dθ Πˆ(3)(µ2eiθ)
=
2α
3pi
[
5
3
+
(
55
12
− 4ζ(3) + 2mˆ
2
s
µ2
)(
αˆs
pi
+
αˆ
4pi
)
+
(
34525
864
− 9
4
ζ(2)− 715
18
ζ(3) +
25
3
ζ(5) +
125
12
mˆ2s
µ2
+ F2(mˆc, mˆb)
)
αˆ2s
pi2
+
(
7012579
13824
− 961
16
ζ(2)− 76681
144
ζ(3) +
12515
288
ζ(5)
−665
36
ζ(7) +
81
2
ζ(2)ζ(3) +
155
2
ζ(3)2 + F3(mˆc, mˆb)
)
αˆ3s
pi3
]
= (24.85± 0.18− 43 ∆αˆs)× 10−4, (3.5)
where the Fi(mˆc, mˆb) are correction terms from the charm and bottom quarks. The ex-
plicit analytical expression for F2(mˆc, mˆb) ' −0.2348 is given in Ref. [24], while that for
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F3(mˆc, mˆb) ' −0.390 will appear in ref. [34]. The numerical evaluation in the last line of
Eq. (3.5) is for αˆs(MZ) = 0.1182, αˆs(2 GeV) = 0.303 and mˆs(2 GeV) = 98 ± 6 MeV [35].
The uncertainty is the size of the O(αˆ3s) term, and we have defined
∆αˆs ≡ αˆs(MZ)− 0.1182, (3.6)
to display the dependence on αˆs. Thus, from Eqs. (3.2)–(3.5) we obtain,
∆αˆ(3)(2 GeV) = (83.56± 0.45± 0.18)× 10−4 . (3.7)
4 Singlet contribution
We recall that Eq. (2.6) exhibits an explicit dependence on αs, which in the non-perturbative
domain gives rise to the QCD induced OZI-rule [20–22] violations. These have to be known
independently, since they affect αˆ and sˆ2 differently. Thus, in addition to a quark flavor
separation, one also needs a singlet piece separation, even though the singlet piece is ex-
pected to be small. To do so, we first relate ∆discαˆ, the disconnected part in ∆αˆ(3)(2 GeV),
to the one entering the low energy weak mixing angle, ∆discsˆ2. Non-singlet and singlet
contributions are separately gauge-invariant, and to gain information on ∆discαˆ, we will
adopt a lattice QCD calculation [23] of the disconnected quark line contributions to the
anomalous magnetic moment of the muon, aµ.
By construction, the σ˜ terms in Eq. (2.5) are related to the σ terms in Eq. (2.1),
µ2
dσ˜
dµ2
= −λ4σ. (4.1)
On the other hand, isolating the ∆discαˆ term in Eq. (2.1) we obtain (working here in lowest
order in α),
µ2
d∆discαˆ
dµ2
=
α
pi
(∑
q
Qq
)2
σ, (4.2)
so that,
dσ˜
dµ2
= −pi
α
λ4
(∑
q
Qq
)−2
d∆discαˆ
dµ2
= −λ1 pi
α
d∆discαˆ
dµ2
, (4.3)
where the last step applies for µ < m¯c (we are assuming approximate isospin symmetry
which eliminates the interval m¯u < µ < m¯d). Then,
σ˜(µ)− σ˜(µ0) = −λ1 pi
α
[∆discαˆ(µ)−∆discαˆ(µ0)]. (4.4)
These relations are general, but there is a subtle point. In general, the singlet pieces
effectively decouple at renormalization scales m¯discq that may differ from the scales m¯q
at which the non-singlet pieces decouple. This would generate various energy intervals
with generally different values for λ1. Implementing strong isospin symmetry in the form
m¯u = m¯d and m¯discu = m¯discd , as well as accepting the physical mass orderings m¯s ≥ m¯u and
m¯discs ≥ m¯discu , there remain a total of six different orderings.
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As an example, consider the case,
m¯discs > m¯s > m¯u > m¯
disc
u . (4.5)
For scales µ > m¯discs there are three active quarks with Qu + Qd + Qs = 0 and the singlet
contributions vanish. For scales in the range m¯discs > µ > m¯s we obtain the value λ1 = 1/2.
Similarly, for m¯s > µ > m¯u and for m¯u > m¯discu we find λ1 = 9/20 and 1/4, respec-
tively. Below m¯discu all singlet contributions vanish by definition. Inserting these results
into Eq. (4.4) and summing the contributions from all intervals, we find the constraint,
− ∆discαˆ
4
<
α
pi
[
σ˜(m¯discs )− σ˜(m¯discu )
]
< −∆discαˆ
2
, (4.6)
where we have anticipated that ∆discαˆ < 0 (see below).
The other five cases are dealt with in the same way, and one can check that the
inequality (4.6) is never violated. For the three mass orderings satisfying m¯discu ≥ m¯u, or
generally if we can neglect the presumably small range m¯u > µ > mˆdiscu , we find the much
stronger constraint,
− 9∆discαˆ
20
<
α
pi
[
σ˜(m¯discs )− σ˜(m¯discu )
]
< −∆discαˆ
2
. (4.7)
Since we do not expect the m¯discq to be numerically very different from the m¯q we choose
our central value to correspond to m¯discq = m¯q, and we include twice the range in Eq. (4.7)
as the uncertainty due to possible m¯discq 6= m¯q effects. Thus,
α
pi
[
σ˜(m¯discs )− σ˜(m¯discu )
]
= −
[
9
20
± 1
20
]
∆discαˆ, (4.8)
which can be inserted into Eq. (2.5). Notice, however, that Eq. (2.5) also contains an
implicit singlet contribution from each of the two terms in the first line. Taken together,
the λ1 term cancels exactly the central value in Eq. (4.8) and we finally arrive at
∆discsˆ
2 =
[
sˆ2 ± 1
20
]
∆discαˆ. (4.9)
In Appendix B we compute ∆discα in the on-shell scheme by exploiting the lattice
gauge theory calculation [23] of the corresponding contribution to aµ with the result,
∆discα(2.0 GeV) = −2.6× 10−5. (4.10)
Note that because the sum of the charges of the three light quarks vanishes, and we enter the
perturbative domain where the singlet piece is known to be tiny, we expect an asymptotically
stable value at higher energies for ∆discα(q). This is supported by Figure 2, showing that
∆discα(q) is nearly q-independent for q & 1.2 GeV. We also remark that the dominance of
low scales notwithstanding, the sign in Eq. (4.10) coincides with that of the singlet piece
in the perturbative regime. Also shown in Figure 2 is the step function approximation of
∆discα(q), with the step defined as the value of q where it reaches half of its asymptotic
– 9 –
Figure 2. Scale dependence of the singlet contribution to ∆α (solid line) and its step function
approximation (dashed line).
value in Eq. (4.10). We interpret this as the value where the strange quark decouples from
singlet diagrams, so that m¯discs ∼ 350 MeV. Our central value of m¯s to be derived in the next
section, m¯s = 342 MeV, is numerically very close to this providing evidence for m¯discs ≈ m¯s.
Eq. (4.9) and Eq. (4.10) refer to quantities in the MS and on-shell schemes, respectively,
and in general these may differ. However, since we are working here in the three quark
theory and the sum of the charges of three light quarks vanishes, the change of schemes is
trivial. We can therefore use Eq. (4.10) in Eq. (4.9) and obtain,
∆discsˆ
2 = (−0.6± 0.3)× 10−5, (4.11)
where the uncertainty combines the errors from Eq. (4.9) and the one induced by the lattice
calculation [23].
5 Flavor separation
In this section we perform a flavor separation of the contributions of up-type from down-type
quarks, or — given that up and down quarks are linked by the approximate strong isospin
symmetry — a separation of s from u and d quarks. Our strategy consists of first using
exclusively the experimental electro-production data as tabulated in Ref. [16] to constrain
the contribution ∆sα of the strange quark to ∆α. We then exploit the lattice gauge theory
results in Refs. [18, 19] to confirm and refine the purely data driven analysis. Then we
introduce the threshold mass m¯q of a quark q as the value of the ’t Hooft scale where the
QCD contribution to the corresponding decoupling relation becomes trivial. m¯c and m¯b
are treated in perturbation theory, while for u, d, and s quarks we derive bounds using
phenomenological and theoretical constraints.
– 10 –
channel aµ × 1010 ∆α× 104
φ 38.43 5.13
KK¯pi 2.45 0.78
ηφ 0.36 0.13
PQCD [36] (> 1.8GeV) 7.30 —
Total 48.54 6.04
KK¯ (non− φ) 3.62 0.76
KK¯2pi 0.85 0.30
KK¯3pi -0.03 -0.01
KK¯η 0.01 0.00
KK¯ω 0.01 0.00
Total 4.46 1.05
Table 3. Channels associated with the strange quark external current (top) and possible further
channels originating from it (bottom).
5.1 Experimental data
To obtain ∆sα we use Ref. [16] where the contribution of each hadronic channel to aµ and
∆α for energies up to 1.8GeV is given. The main idea is to determine for each channel
whether it was produced by an s¯s or a first generation quark current. For reasons that
will become clear later, we consider both, ∆sα, and the strange quark contribution to the
anomalous magnetic moment, asµ.
We begin by listing in the upper part of Table 3 the experimental channels [16] which
we associate with an ss¯ current. Up to OZI-rule violating φ-ω and φ-ρ mixing effects, the
φ meson can be identified with strange quarks. We calculate its contribution using a Breit-
Wigner shape with s-dependent total and partial widths, adopting the PDG values [35] for
the φ meson branching ratios and applying a small correction for φ-ω mixing. As for the
φ(1680), the main decay channel is KK¯∗ with K∗ mesons decaying almost entirely into Kpi.
As can be seen from data [16], the KK¯pi channel is indeed virtually saturated by φ(1680)
decays. The η-φ channel also arises dominantly from the strange quark current since the
contribution to this channel from light quarks is Zweig rule suppressed. Conversely, we
expect channels involving an η meson accompanied by non-strange states to be mainly due
to light quark currents. For asµ we need to add the contribution from energies above 1.8 GeV.
It can be computed within PQCD and taken as one sixth of the corresponding light quark
contribution [36] of 43.8×10−10. The lower part of Table 3 shows further channels involving
strange quarks to which first generation quark currents could conceivably contribute, and
we conservatively assign (50 ± 50)% of these to the ss¯ current. The table also shows the
corresponding contributions to aµ. Adding the totals in this way we find,
asµ = (50.77± 0.60± 0.83± 2.23)× 10−10 = (50.77± 2.45)× 10−10, (5.1)
– 11 –
and,
∆sα(1.8 GeV) = (6.56± 0.11± 0.19± 0.53)× 10−4 = (6.56± 0.57)× 10−4. (5.2)
The first errors are experimental [16] where we accounted for correlations. The second
errors allow for differences in parametrizations when decay parameters are extracted from
experimental data by different groups. The last errors are half of the totals in Table 3, but
we expect the ss¯ current to virtually saturate the kaon channels in Table 3 because the
larger strange quark mass should suppress the probability amplitude to produce an ss¯ sea
quark pair relative to first generation quark pairs.
The uncertainty in Eq. (5.2) is already about three times smaller than in the past [2].
We can reduce it further by quantifying our expectation that the strange quark current
actually saturates the kaon channels listed in the bottom part of Table 3. For this, we
re-write Eqs. (5.1) and (5.2) in the form,
asµ = (53.00− 4.46κ± 0.60± 0.83)× 10−10, (5.3)
∆sα(1.8 GeV) = (7.09− 1.05κ± 0.11± 0.19)× 10−4, (5.4)
with a parameter 0 ≤ κ ≤ 1, where κ = 0 (κ = 1) corresponds to the case where all kaon
contributions in Table 3 arise from the strange (first generation) quark current. In order
to confirm that indeed κ ≈ 0 and to compute an uncertainty for possible κ 6= 0 effects, we
can use results on asµ from lattice gauge theory, as we show next.
5.2 Lattice data
Two groups [18, 19] calculated the contribution of the strange quark to the vacuum polar-
ization function within lattice gauge theory with a focus on asµ. The two results agree and
average to
asµ = (53.32± 0.49)× 10−10 [lattice], (5.5)
which is in perfect agreement with Eq. (5.3) and our expectation κ ≈ 0. Since the anal-
ogous result for ∆sα(1.8 GeV) has not been provided by either of the groups, we follow a
Bayesian procedure to quantify the parameter κ in Eq. (5.4), using as prior information the
comparison of Eq. (5.3) with Eq. (5.5). The 68.3% highest probability interval of κ, namely
0 ≤ κ ≤ κ1σ, can be obtained from
N
κ1σ∫
0
exp
[
−(53.00− 4.46κ− 53.32)
2
2(0.602 + 0.832 + 0.492)
]
dκ = 0.683, (5.6)
where N is the normalization of the distribution. This yields κ1σ = 0.22, and Eq. (5.4) now
provides us with the desired result,
∆sα(1.8 GeV) = (7.09± 0.11± 0.19± 0.23)× 10−4 = (7.09± 0.32)× 10−4, (5.7)
which is consistent with, but more precise than Eq. (5.2). We assigned the uncertainty from
κ1σ symmetrically around κ = 0, which is both the physically favored and most probable
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value (the peak of the distribution). This rather conservative treatment effectively doubles
the error from κ1σ, and is meant to account for the fact that the kernels of ∆α and aµ
differ.
The experimental values of aµ and ∆α are correlated, possibly impacting Eq. (5.7).
However, we found that even assuming them to be fully correlated changes the central value
only very slightly and reduces the uncertainty modestly. Thus, we keep Eq. (5.7) as our
final result on ∆sα(1.8 GeV). As an additional cross-check we used the vacuum polarization
function of another lattice calculation [19] of asµ (expressed as a Padé approximant which
is the source of the largest uncertainty [19]) to first reproduce their results, and then we
computed ∆sα which yields,
∆sα(1.8GeV) ≈ (6.9± 0.5)× 10−4 [lattice], (5.8)
in excellent agreement with Eq. (5.7).
5.3 Threshold masses
5.3.1 Heavy quarks
We can compute m¯c and m¯b in perturbation theory by reincorporating the RGE summable
logarithms of the form ln mˆq/m¯q into Eq. (2.8), and then solving for m¯q by setting the
contribution from quark q equal to zero. Since m¯q → mˆq for αˆs → 0, these logarithms are
at most of order αˆs and can be ignored in the αˆ3s coefficient. Thus, we can use a previous
analysis [24] where the logarithms up to order αˆ2s are given. We find,
m¯ = mˆ
{
1− 13
24
αˆs
pi
+
(
10073
3456
− 655
288
ζ3 − 361
2592
nq
)
αˆ2s
pi2
+
(
1.61024 + 0.59599nq − 0.00964n2q
) αˆ3s
pi3
+
[
− 295
2592
αˆ2s
pi2
+
(
5767
62208
− K1 +K2nq
2
)
αˆ3s
pi3
] ∑
Q2`
Q2h
}
. (5.9)
Using the input values for the Z boson mass [35], MZ = 91.1876 GeV, the charm quark
mass [37], mˆc(mˆc) = 1.272 GeV, and the bottom quark mass [35], mˆb(mˆb) = 4.18 GeV,
together with the 4-loop RGE [26] for αˆs with nq = 4 and nq = 5, respectively, we find
m¯c = 1.185 GeV, (5.10)
m¯b = 3.990 GeV. (5.11)
It will be useful for later to define quantities ξq [2] as ratios between the threshold mass
of quark q and the 1S q¯q bound state mass,
ξq ≡ 2m¯q
M1S
. (5.12)
This definition implies that ξq → 1 for m¯q → ∞ and ξq → 0 for m¯q → 0. We expect ξq
to be a monotonically increasing in the sense that ξ1 > ξ2 if m¯1 > m¯2. Using the PDG
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values for the bound state masses [35] we find ξc = 0.766 and ξb = 0.844, and thus ξb > ξc
as expected.
5.3.2 Light quarks
Next we constrain the individual contributions of the light quarks to ∆αˆ, evaluated at m¯c.
Using the RGE and the starting value given in Eq. (3.7) we obtain,
∆αˆ(3)(m¯c) = (65.10± 0.45± 0.18)× 10−4. (5.13)
From Eq. (5.7) we can also calculate ∆sαˆ at m¯c. To do so, we first invoke experimental
data to obtain the shift,
∆sα(2 GeV) = ∆sα(1.8 GeV) + (0.55± 0.04)× 10−4, (5.14)
given by one sixth of the continuum contribution [16] of (3.31± 0.26)× 10−4 between the
two scales. The uncertainty is the difference to using PQCD instead of data and accounts
for quark-hadron duality violations. Changing to the MS scheme and employing again the
RGE gives,
∆sαˆ(m¯c) = (8.71± 0.32)× 10−4. (5.15)
Since the threshold mass is the value of the ’t Hooft scale corresponding to trivial matching
conditions regarding the QCD contribution, we can write,
∆sαˆ(m¯c) = Q
2
s
α
pi
KsQCD(m¯c) ln
m¯2c
m¯2s
, (5.16)
where we defined a scale dependent factor KqQCD(µ) as the average QCD correction to the
β function between m¯q and the scale µ. Eq. (5.16) has two unknowns, KsQCD(m¯c) and m¯s,
and it shows that increasing KsQCD(m¯c) forces the logarithm to decrease and in turn m¯s
to increase. Thus, smaller (larger) values of KsQCD(m¯c) correspond to a smaller (larger)
values of m¯s. On the other hand, if we have two quarks with masses m¯1 > m¯2, we expect
the average QCD contribution between m¯2 and µ to be larger than that between m¯1 and
µ, since αs is larger at lower scales. Thus,
m¯1 > m¯2 =⇒ K1QCD(µ) < K2QCD(µ), (5.17)
and we must have,
KcQCD(m¯c) < K
s
QCD(m¯c). (5.18)
KcQCD(m¯c) can be computed from Eq. (2.2). Using nq = 3 and αs(m¯c) = 0.413 yields
KcQCD(m¯c) = 1.178, and implies the lower bound,
m¯s > m¯c exp
[
− pi∆sαˆ(m¯c)
2Q2sαK
c
QCD(m¯c)
]
= 289 MeV, (5.19)
where we used α = α(m¯s) ≈ 1/135. We can also obtain an upper bound on m¯s,
2m¯s
Mφ
= ξs < ξc = 0.766 =⇒ m¯s < 390 MeV, (5.20)
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source δ sin2 θˆW (0)× 105
∆αˆ(3)(2 GeV) 1.2
flavor separation 1.0
isospin breaking 0.7
singlet contribution 0.3
PQCD 0.6
Total 1.8
Table 4. Theoretical uncertainties in the low energy mixing angle.
implying KsQCD(m¯c) < 1.50. We can summarize these results by writing,
KsQCD(m¯c) = 1.34± 0.16, m¯s = 342+48−53 MeV. (5.21)
m¯u and m¯d can be obtained in a similar way. We have,
∆connαˆ
(3)(m¯c) = ∆sαˆ(m¯c) +
2α
pi
[
(Q2u +Q
2
d)K
u,d
QCD ln
m¯c
m¯u,d
]
, (5.22)
where the quark connected contribution to ∆αˆ(3)(m¯c) is given by,
∆connαˆ
(3)(m¯c) ≡ ∆αˆ(3)(m¯c)−∆discαˆ(3)(m¯c) = 65.36× 10−4. (5.23)
Following the same steps as for m¯s we find,
Ku,dQCD(m¯c) = 1.38± 0.20, m¯u,d = 246+54−57 MeV, (5.24)
where the errors in Eqs. (5.21) and (5.24) are strongly correlated. The light quark threshold
masses are convenient for implementing the RGE and serve an illustrative purpose, but their
precise values affect sˆ(0) only at order O(α2) and beyond, as long as the central value in
Eq. (5.15) remains fixed (the uncertainty there will give rise to the flavor separation error).
Notice, that for the central values we have m¯s − m¯u ≈ 96 MeV, which is of typical size for
hadronic mass splittings within SU(3) flavor multiplets.
Finally, accounting for the squares of the electric charges we obtain the contributions
from the first generation quarks at the scale m¯s,
∆αˆ(2)(m¯s) = ∆αˆ
(3)(m¯c)− 6∆sαˆ(m¯c) = (12.9∓ 1.9)× 10−4, (5.25)
where we only quote the uncertainty from the flavor separation in Eq. (5.15).
6 Theoretical uncertainties
In addition to parametric uncertainties, there are five sources of theoretical uncertainties
for the weak mixing angle at low energies affecting our calculation. They are summarized
in Table 4 and discussed in the following.
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The first uncertainty is induced by the experimental error in the determination of
∆αˆ(3)(2.0 GeV). Eq. (2.5) propagates this uncertainty to the weak mixing angle [2],
δsˆ2(0) =
[
1
2
− sˆ2
]
δ∆αˆ(3)(2 GeV) = ∓1.2× 10−5, (6.1)
where we have used δ∆αˆ(3)(2 GeV) = ±0.45× 10−4 from Eq. (3.4).
The three light quarks enter with different electroweak weights into sˆ2(0) and ∆α(3)(m¯c).
The flavor separation uncertainty is due to the imperfect knowledge of how much s quarks
relative to u and d quarks contribute to ∆α(3)(m¯c). It is given by [2],
δsˆ2(0) ' 1
20
δ∆αˆ(2)(m¯c) = ±1.0× 10−5, (6.2)
where we used δ∆αˆ(2)(m¯s) = ±1.9× 10−4 from Eq. (5.25).
The flavor separation assumed isospin symmetry in the form m¯u = m¯d. To estimate the
uncertainty associated with isospin breaking, we first consider the idealized case in which
SU(2) isospin violation was as large as SU(3) breaking. This would occur for m¯d = m¯s, so
that from Eq. (5.25) the u quark current could at most contribute
∆α(1)(m¯d) < 14.8× 10−4. (6.3)
To propagate this uncertainty to sˆ2(0) we can use [2],
δsˆ2(0) = − 3
40
∆α(1)(m¯d) > −1.1× 10−4. (6.4)
A measure of the breaking of SU(2) relative to SU(3) is given by the ratio,∣∣∣∣∣M2K∗± −M2K∗0M2
K∗± −M2ρ0
∣∣∣∣∣ ≈ 0.06, (6.5)
so that,
δsˆ2(0) =+0−7 ×10−6. (6.6)
This error is asymmetric because we assume m¯d ≥ m¯u, but it is convenient and conservative
to treat it symmetrically in Table 4.
The uncertainty arising from the singlet contribution is given in Eq. (4.11). The last
entry in Table 4 combines the truncation error from the perturbative matching conditions
with the scheme conversion error shown as the second uncertainty in Eq. (3.7).
7 Results and conclusions
Eq. (2.5) together with the Z pole value of the weak mixing angle from a global fit to the
SM [35], sin2 θˆW (MZ) = 0.23129(5), can now be used to compute the weak mixing angle at
zero momentum transfer,
sin2 θˆW (0) = 0.23868± 0.00005± 0.00002, (7.1)
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Figure 3. Scale dependence of the weak mixing angle in the MS renormalization scheme. The
dots indicate the scales where a particle is integrated out. The total uncertainty corresponds to
the thickness of the line. The β-function of SU(2)L changes sign at µ = MW , where the fermionic
screening effects of the effectively Abelian gauge theory are being overcompensated by the anti-
screening effects of the full non-Abelian electroweak theory.
where the second error is the total theoretical uncertainty from Table 4.
To facilitate the update of our results in the future, we also present a linearized formula
of the form factor κ(0),
sin2 θˆW (0) ≡ κˆ(0) sin2 θˆW (MZ), (7.2)
in terms of variations of the input parameters, using ∆αˆs(MZ) in Eq. (3.6), as well as,
∆˜α ≡ ∆α(2.0 GeV)− 0.005871, (7.3)
and,
∆mˆc ≡ mˆc(mˆc)
1.272 GeV
− 1, ∆mˆb ≡ mˆb(mˆb)
4.180 GeV
− 1. (7.4)
We obtain,
κˆ(0) = 1.03196± 0.00006 + 1.14 ∆˜α+ 0.025 ∆αˆs − 0.0016 ∆mˆc − 0.0012 ∆mˆb , (7.5)
which shows that the current experimental uncertainties of ±0.45 × 10−4 in ∆α(2 GeV)
from Eq. (4.9) and of ±0.0016 in αˆs(MZ) induce errors of ±5×10−5 and ±4×10−5 in κˆ(0),
respectively. Variations of ±8 MeV [37] in mˆc(mˆc) and ±30 MeV in mˆb(mˆb) both imply
∓2 × 10−6 in sˆ(0) which is negligible. The resulting scale evolution of the weak mixing
angle is illustrated in Figure 3.
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When our result for the weak mixing angle in the Thomson limit or some other low
momentum scale is used for the calculation of physical observables, there will generally be
further process-dependent radiative corrections which need to be addressed. We expect this
to be possible with theoretical uncertainties well below those in sin2 θˆW (0) summarized in
Table 4. Thus, we reduced the total theoretical uncertainty in the weak mixing angle at
low energies from 7× 10−5 [2] to less than 2× 10−5 which can safely be neglected for any
current or planned experiment.
In summary, we developed a new way of calculating the flavor separation which involved
both e+e− → hadrons data and results from lattice gauge theory. We also better control now
the uncertainty in the contribution of disconnected diagrams where we exploited results of
Ref. [23] on the anomalous magnetic moment. Furthermore, we extended various formulas
to the next order in perturbation theory, reducing the perturbative uncertainty. There has
also been significant progress in the evaluations of ∆α [16, 38] and ∆mˆc(mˆc) [37]. The
theoretical uncertainty in sin2 θˆW (0) is now at a negligible level.
A Calculations of α(M2Z)
Three independent groups presented recent evaluations of the hadronic contribution to the
scale dependence of α. In this appendix we briefly compare their approaches and results.
In the Adler function approach [33, 38], one uses the relations,
D(Q2)
Q2
≡ 12pi2dΠ(q
2)
dq2
= −3pi
α
d
dq2
∆had(q
2) =
∫ ∞
4m2
R(s)
(s+Q2)2
ds , (A.1)
where Q2 = −q2, and where the dispersion integral in the latter expression can be used to
implement experimental data up to some cut-off M0. One can then write,
∆hadα
(5)(M2Z) = ∆hadα
(5)(−M20 )data + [∆hadα(5)(−M2Z)−∆hadα(5)(−M20 )]PQCD
+ [∆hadα
(5)(M2Z)−∆hadα(5)(−M2Z)]PQCD , (A.2)
where the last two terms are computed using the operator product expansion (OPE) of R(s),
i.e., including the leading non-perturbative condensate corrections. Demanding consistency
with the OPE of the Adler function itself suggests that a value of M0 as low as 2 GeV
appears to be a safe choice. Using this approach implies [38] for the on-shell definition,
α(M2Z)
−1 = 128.958± 0.016 . (A.3)
The approach of Ref. [39] is mostly data driven. Experimental data were used up to
11.09 GeV (except for the interval between 2.6 GeV and 3.73 GeV) and PQCD beyond that.
The dispersion relation (3.1) then implied,
α(M2Z)
−1 = 128.944± 0.019 . (A.4)
Similarly, Ref. [16] uses data up to only 5 GeV (except for the interval between 1.8 GeV
and 3.7 GeV), with the result,
α(M2Z)
−1 = 128.947± 0.012 . (A.5)
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Here, we rely on the data handling of this work as it includes much more recent data
than Ref. [39]. Moreover, the breakdown of individual channels and energy ranges is more
explicit compared to Ref. [38].
Finally, changing our own result, with αˆ(M2Z)
−1 = 127.959±0.010, based on the direct
application of the renormalization group and matching equations and including τ decay
data, from the MS scheme to the on-shell scheme including the top quark contribution, we
find,
α(M2Z)
−1 = 128.949± 0.010 . (A.6)
The numerical difference of our result to Ref. [16] arises mostly from the different3 value
of αs and our treatment of the charm quark contribution [37]. Thus, in view of the rather
different approaches and differences in data sets, all numerical results are in good agreement
with each other.
B Calculation of ∆discαˆ
In the on-shell scheme one has [40],
∆discα(q) = 4piαRe
[
Π(q2)−Π(0)]
disc
, (B.1)
where, [
Π(q2)−Π(0)]
disc
=
T∑
t=0
[
cos(qt)− 1
q2
+
t2
2
]
C(t). (B.2)
C(t) has been computed [23] in units set by the lattice cut-off scale a−1 = 1.73 GeV. To
obtain Eq. (4.10), we plotted ∆discα(q) as a function of T and observe a plateau near T = 20,
which closely mirrors the result for the case of aµ. The value of the plateau is interpreted
as the physical value [23]. As an independent check we compute the ratio ρ(aµ) of the
disconnected contribution to the anomalous magnetic moment [23], adiscµ = −9.6 × 10−10,
to the total hadronic contribution [16] for energies up to 1.8 GeV, obtaining ρ(aµ) = −0.015.
The integration kernel of aµ enhances contributions from low q2 momenta, and recalling that
Qu+Qd+Qs = 0, the disconnected piece also predominantly arises from such momenta. On
the other hand, the integration kernel for ∆α has greater support at higher scales compared
to aµ, so that ρ(aµ) should imply an upper bound on the disconnected contribution to ∆α.
Numerically,
|∆discα (1.8GeV)| < |ρ (aµ)×∆hadα (1.8GeV)| = 8.3× 10−5, (B.3)
where ∆hadα(1.8 GeV) = 55.26× 10−4. This confirms the finding in Eq. (4.10) that ∆discα
is very small.
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3The three groups use slightly different values for αs, but this amounts to difference below the level of
0.004 in α(MZ)−1.
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Note added
When this paper was under revision, a new analysis of α(M2Z) appeared [41]. Their value,
α(M2Z)
−1 = 128.946± 0.015 , (B.4)
is even closer to our result (A.6) than the previous analysis in Ref. [39]. However, there are
some non-negligible differences in specific channels between Refs. [16] and [41].
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